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Phase transitions: 1st-2nd order

definitions, Ehrenfest classification

Transition superfluide λ ?

fluctuations vs broadening 

renormalization group, scaling, divergence of ξ
Ginzburg - Landau description, order parameter

1storder transitions : no prediction ! hysteresis 

2nd order transitions : COD=0 < COD≠0

31
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Ehrenfest : 1st order

32
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 Examples

33

AuCrS2 : Pyrochlore

1st order structural
+Antiferomagnetic

Al : Metal

mean-field 2nd order
superconducting

Single-Band s-wave 
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example: specific heat of Aluminum

N.E. Phillips, Phys. Rev 114 (1959) 676

- weak-coupling BCS s-wave superconductor
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Clausius-Clapeyron  

demonstrate 1st order : ΔS = -ΔM dH/dT

                            ΔS = L/T = ΔV dp/dT

2nd order : Δ(C/T) = Δ(∂V/∂T) dp/dT

           or Δ(C/T) = -Δ(∂M/∂T) dH/dT

34
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1st or 2nd ?

36
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REAL world fluctuations = broadening !! 

definitions, Ehrenfest classification

Transition superfluide λ ?

fluctuations vs broadening

qualitatively, a broad 1st order = sharp 2nd with 
fluctuations 

37
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Clausius-Clapeyron ALWAYS true !

38

ΔS = -ΔM dH/dT

ΔS = L/T = ΔV dp/dT

doesn’t prove the order of the transition

just check for consistent measurements

even true out of equilibrium (Prigogine)

in fact often 1st order with hysteresis
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Phase transitions: 1st-2nd order

39

Ginzburg - Landau description, order 
parameter

renormalization group, scaling, divergence of ξ

1storder transitions : no prediction ! 
hysteresis 
2nd order transitions : COD=0 < COD≠0
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Summary : Phase transitions

definitions, Ehrenfest classification

Transition superfluide λ ?

fluctuations vs broadening 

renormalization group, scaling, divergence of ξ
Ginzburg - Landau description, order parameter

1storder transitions : no prediction ! hysteresis 

2nd order transitions : COD=0 < COD≠0

40
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PHONONS

Eph(T) = ∑ph hωph.nBE(T, hωph)  + Eph(0)

42

Total energy of phonons : sum  over each phonon 

phonon energy Bose-Einstein distribution

nBE(T, ~!ph) =
1

e~!ph/(KBT ) � 1
Eph(0) : zero point energy 
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ALL phonons  with energy smaller or on the 
order of kBT will contribute

Bose-Einstein distribution

nBE(T, ~!ph) =
1

e~!ph/(KBT ) � 1

hωph

de
ns

ity KBT

PHONONS
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Eph(T) = ∑ph hωph.nBE(T, hωph)  

How to count phonons ? ... 2 models. 



ω



ω

ω

Einstein : ωph = cte

Debye : ωph = vson . K

different densities of state

 cf Kittel or Aschroft

PHONONS
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source : Wiki

T -> ∞ : C = 3NKB

T << θD    :  Debye
C = cte (T/θD)3
où  θD α vsound

 T >> θD   :  Einstein

LES PHONONS

The deconvolution is 
not unique

knowing C(T ) 
calculating phonons ??
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Lead, gold, copper, 
diamond : 

Debye is a good approx!!

T -> ∞ : C = 3NKB

T << θD    :  Debye
C = cte (T/θD)3
où  θD α vsound

PHONONS

Cryocourse 2007 - Specific Heat 11

3. Various contributions, orders of magnitude: comparison high/low temperature

At high temperature, classical ideas are mostly correct and all bodies have molar specific
heats of order R:

Equipartition law implies Cmoles = (1/2)ndf.R, and ndf = (3+3).n, n = nb atoms/unit cell,

ie Cmoles = 3nR (law of Dulong & Petit)

At low temperature,

it starts to be very different…
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à T << θD en J.K-1.mol-1
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ELECTRONS

47

Ee(T) = ∑e ε.nFD(T,ε)  

electronic energy = somme for each electron

energy of electron Fermi-Dirac distribution

nFD(T, ✏) =
1

e(✏�✏F )/(kBT ) + 1

Fermi energy
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ELECTRONS

48

Fermi-Dirac distribution

Only electrons about  Fermi energy will contribute to 
the specific heat (derivative of nFD). 

nFD(T, ✏) =
1

e(✏�✏F )/(kBT ) + 1

énergie de Fermi
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ELECTRONS

49

electron counting ?

density of states at EF : D(EF)

Ce =
⇧2@AkB

2
.
T

TF

with kBTF = EF in J.K-1.mol-1

Ce = ϒ T

NB : TF > 104 K
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ELECTRONS
the density of states : D(EF)

is related to the effective mass m*

Ce = ϒ T
et ϒ α m*

probing electronic correlations
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EXAMPLE : METAL

51

Metal : electrons + phonons 

C = ϒ T + A T3

for T << θD (Cu : 300K, Pb : 90K ..)

dominates at low  
temperature 
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FIG. 1. The plots of CIT versus T2 for gold, silver, and copper. 

The numerical coefficients of the temperature terms 
were obtained by least-squares fitting of the data to 
the expression 

(2) 

using a computer program. The dashed lines through 
the gold and silver data in Fig. 1 indicate the contri-
butions of the calculated linear and cubic temperature 
terms. The indicated uncertainties were calculated 
from standard deviations. The over-all accuracy 
(random and systematic errors) of the results is 
estimated as 2%. The results are in excellent agree-
ment with literature data.1-3 

From the coefficients of the cubic temperature 
terms, the zero-degree limiting Debye temperatures, 
Oc(O) , may be calculated. These are in good agreement 
with Debye temperatures, OE(O) , calculated from elastic 
constants data4,5: 

Gold 
Silver 
Copper 

Oc(O) 

162.8°±1.5°K 
228.9°±2.0oK 
342.3°±3.0oK 

OE(O) 

161.6°K 
227.3°K 
345.3°K 

The kind cooperation of Dr. T. B. Massalski, Dr. 

G. Sargent, and Mr. C. L. Ruffner is gratefully ac-
knowledged. This research has been supported by the 
U. S. Atomic Energy Commission. 
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3 N. E. Phillips, Phys. Rev. 134, A385 (1964). 
4 J. R. Neighbours and G. A. AIers, Phys. Rev. 111, 707 (1958). 
6 W. C. Overton and J. Gaffney, Phys. Rev. 98, 969 (1955). 

Solution and Rigid-Media ESR Spectra of 
Yang's Biradical* 

ROBERT KREILICK 

Department of Chemistry, University of Rochester 
Rochester, New York 

(Received 11 January 1965) 

THE synthesis of a molecule which has been pre-
dicted to be a ground-state tripletl has been re-

ported by Yang and Castro.2 Preliminary susceptibility 
measurementsl substantiate this prediction, but no 
conclusive susceptibility or magnetic resonance meas-
urements have been reported. In this paper we wish 
to report both the solution and rigid-media ESR 
spectra of this biradical. This compound is of particu-
lar interest as both the nuclear hyperfine coupling 
constants and the magnitude of the dipole-dipole 
interaction can be determined. 

The biradical was prepared by oxidizing 2, 6-di-t-
butyl-4-[bis (3, 5-di-t-butyl-4-hydroxyphenyl) methyl-
ene}2,5-cyclohexadien-l-one (Compound I) with lead 
dioxide in 2-methyltetrahydrofuran. Initial oxidation 
of I yields Monoradical II. (See Fig. 1.) 

The ESR spectrum of this radical shows an inter-
action with four equivalent protons; presumably the 
meta protons of the conjugated rings (a= 1.3 Oe). 
There is no apparent interaction with the protons in 
the unconjugated ring. As oxidation proceeds, the 
spectrum of the biradical begins to appear and one 
observes a superposition of the spectra of the mono-
and biradical. Finally the monoradical spectrum is 
completely replaced by the spectrum of the biradical. 
This spectrum consists of seven slightly overlapped 
lines (a= 0.86 Oe) indicating a coupling to six equiva-
lent protons. Apparently spin migration is rapid and 
each electron interacts with the six meta protons of 
the three aromatic rings. Addition of Compound I to 

COMPOUND I COMPOUND II 

+ = tert-butyl 

COMPOUND III 

FIG. 1. Oxidation steps. 

Downloaded 08 Dec 2010 to 147.173.53.111. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions

Metals
=

Au, Ag, Cu 

C/T = ϒ + A T2

L. L. Isaacs, J. Chem. Phys. 43, 307 (1965)

 electrons    phonons 

Deviations :
 

even T << θD : anharmonicity 

T -> 0 : magnetic impureties  
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SPECIFIC HEAT
of a 

 SUPERCONDUCTOR

53
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Cp = Bulk Probe !! 

54
Cryocourse 2007 - Specific Heat 22 

5. Use for low temperature physics and technics: Sample characterization 

700
!m 

sample 1 sample 2 
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experimental goal

Compute ΔC/ ϒTc : substraction of BKG !!!!!!!!

55
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Superconductivity

56

amplitude 
related to 

the 
coupling

related to 
the gap

fluctuations

TC
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BCS

57

Single-Band s-wave 
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example: specific heat of Aluminum

N.E. Phillips, Phys. Rev 114 (1959) 676

- weak-coupling BCS s-wave superconductor

T*≈ 0.5 Tc ΔC/ϒTc = 1.43

ΔC/ϒTc = 8.5 exp(-1.44 Tc/T)       2.5<Tc/T<6
ΔC/ϒTc = 2.37 (Tc/T)-3/2 exp(-1.76 Tc/T)   10<Tc

normalized slope dΔC/dT = 2.6 ΔC/Tc ind of ϒ  
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electron-phonon coupling (Eliashberg)
J.P.Carbotte, Rev. of Mod. Phys. 62 (1990) 1027

e-ph renormalization m*=(1+λ)me 

λ = ∫2α2F(ω)dω/ω, α2F(ω) spectral density contains Ne, Nph,Vint

ωln=exp(2/λ x∫α2F(ω)ln(ω)dω/ω)
 «mean» log energy of electron-phonon coupling

Tc/ωln << 1 : weak-coupling limit
and λ(ω)= λ for ω< ωc and =0 otherwise

58

} = BCS
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multi-gap superconductivity

59

example: specific heat of MgB2
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- best example of a multiband superconductor:

clear signal for two gaps

very weak interband coupling
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R. A. Fisher et al., Physica C 385 180 (2003). 

F. Bouquet et al., EPL 56 856 (2001).

example: specific heat of MgB2
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- best example of a multiband superconductor:

clear signal for two gaps

very weak interband coupling
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F. Bouquet et al., EPL 56 856 (2001). Texte
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Gap nodes

 in a fully gapped superconductor :
C/T = f(T) e-Δ/T and prop to H/Hc2

60

 in a d-wave superconductor :
 line of nodes
C/T prop to T  and prop to (H/Hc2)1/2
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symetry of the gap ex: Fe(Se,Te)

61
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magnetic field in presence of nodes


